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Abstract
In this paper, we further investigate properties of generalized bent
Boolean functions from Znp to Zpk , where p is an odd prime and k is
a positive integer. For various kinds of representations, sufficient and
necessary conditions for bent-ness of such functions are given in terms of
their various kinds of component functions. Furthermore, a subclass of
gbent functions corresponding to relative difference sets, which we call
Zpk -bent functions, are studied. It turns out that Zpk -bent functions
correspond to a class of vectorial bent functions, and the property of being
Zpk -bent is much stronger then the standard bent-ness. The dual and the
generalized Gray image of gbent function are also discussed. In addition,
as a further generalization, we also define and give characterizations of
gbent functions from Zn
pl
to Zpk for a positive integer l with l < k.
Key words: generalized bent (gbent) functions, Walsh-Hadamard
transform, cyclotomic fields, relative difference set, generalized Gray map.
1 Introduction
Throughout this paper, let Zpt be the ring of integer modulo p
t and Znpt
be a free module over Zpt with rank n, where p is a prime and t and n are
positive integers. If x = (x1, . . . , xn) and y = (y1, . . . , yn) are two elements of
Znpt , we define their inner product by x ·y =
∑n
i=1 xiyi (mod p
t) (without cause
of confusion, we always omit “mod pt” in the sequel). For a complex number
z = a + b
√−1, the absolute value of z is |z| = √a2 + b2 and z¯ = a − b√−1 is
the complex conjugate of z, where a and b are real numbers.
A function from Znp to Zpk is called a generalized Boolean function on n
variables, the set formed by which is denoted by GBpkn . Especially, GBp
k
n denotes
the set of all classical p-ary Boolean functions when k = 1. For a function
1
f ∈ GBpkn , the generalized Walsh-Hadamard transform, which is a function
Hf : Znp → C, can be defined by
Hf (u) = p−n2
∑
x∈Znp
ζ−u·xp ζ
f(x)
pk
, (1)
for any u ∈ Znp , where ζp = e
2pi
√−1
p and ζpk = e
2pi
√−1
pk represent the complex
p-th and pk-th primitive roots of unity, respectively. The inverse generalized
Walsh-Hadamard transform of f is
ζ
f(x)
pk
= p−
n
2
∑
u∈Znp
ζu·xp Hf (u). (2)
We call the function f gbent if |Hf (u)| = 1 for all u ∈ Znp . A gbent function f is
regular if there exists some generalized Boolean function f∗ satisfying Hf (u) =
ζ
f∗(u)
pk
for any u ∈ Znp . A gbent function f is called weakly regular if there exists
some generalized Boolean function f∗ and a complex α with unit magnitude
satisfying Hf (u) = αζf
∗(u)
pk
for any u ∈ Znp . Such a function f∗ is called the
dual of f . From the inverse generalized Walsh-Hadamard transform, it is easy
to see that the dual f∗ of a regular (weakly regular) gbent function f is also
regular (weakly regular) gbent.
Currently there is a lot of research regarding constructions and analysis of
gbent functions both in even and odd characteristic; see for instance [4, 5, 7, 8, 9,
10, 11, 12, 14, 15]. In [11], Schmidt proposed the gbent functions from Zn2 to Z4,
which can be used to constant amplitude codes and Z4-linear codes for CDMA
communications. Later, gbent functions from Zn2 to Z8 and Z16 were studied
in [12] and [8], respectively. Recently, a generalization of bent functions from
Zn2 to Zq, where q ≥ 2 is any positive even integer, have attracted much more
attention. Existence, characterizations and constructions of them were studied
by several authors [4, 7, 10, 14]. A generalization to the odd characteristic case
were also given by the authors [15] in a recent work, and gbent functions from
Znp to Zpk for an odd prime p were studied.
In this paper, we further investigate properties of gbent functions from Znp to
Zpk in the odd characteristic case. Firstly, for various kinds of representations,
sufficient and necessary conditions for gbent functions are given in terms of
their various kinds of component functions. Secondly, we emphasize that a
gbent function conceptually does not correspond to a bent function, since in
the definition of generalized Walsh-Hadamard transform not all characters of
Znp ×Zpk are considered. Thus, in general, a gbent function does not give rise to
a relative difference set. For this reason we extend the definition and introduce
the term of Zpk -bent function. We call a function f ∈ GBp
k
n is Zpk -bent if
H(pk)f (a,u) = p−
n
2
∑
x∈Znp
ζ
af(x)
pk
ζ−u·xp
has absolute value 1 for all u ∈ Znp and all nonzero a ∈ Zpk . The property
of being Zpk -bent is much stronger then the standard concept of bent-ness.
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Therefore, Zpk -bent functions seem not easy to obtain. However, we give a
construction using partial spreads.
In addition, from the result of [15], we know that for gbent function f ∈
GBpkn , there exists a function f∗ : Znp → Zpk such that
Hf (u) =
{
±ζf∗(u)
pk
if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζf∗(u)
pk
if n is odd and p ≡ 3(mod 4).
Similar as in [2], we also call this f∗ the dual of the gbent function f . Note that
this definition is much more formal, since f may not be (weakly) regular (this
is because + and − may appear in Hf (u) for different u). We emphasis that
when f is non-(weakly) regular, f∗ may not be a gbent function. Anyway, we
can explicitly determine f∗ in terms of the dual of component functions of f .
Furthermore, every function in GBpkn have a so-called generalized Gray im-
age, which is a function in GBpn+k−1. We show that the generalized Gray image
of a gbent function in GBpkn is a (k − 1)-plateaued function, where (k − 1)-
plateaued functions in odd characteristic are given in Definition 5.2.
At last, we also further generalize our study of gbent functions in GBpkn to
gbent functions from Znpl to Zpk for a positive integer l with l < k, giving their
definition and characterizations.
The rest of this paper is organized as follows, In Section 2 we give some
preliminary results which will be used later. Some different descriptions for a
function in GBpkn to be gbent is given in Section 3. Zpk -bent functions and their
relationships to relative difference sets in Znp ×Zpk are introduced in Section 4.
In Section 5 we specify the dual and generalized Gray map of gbent functions in
GBpkn . Finally, gbent functions from Znpl to Zpk are introduced and characterized
in Section 6. Conclusions are given in Section ??.
2 Preliminaries
In this section we will give some results on cyclotomic fields, which will
be used in the following sections. Firstly, we state some basic facts on the
cyclotomic fields K = Q(ζpk), which can be found in any book on algebraic
number theory, for example [16].
Let OK be the ring of integers of K = Q(ζpk). It is well known that OK =
Z[ζpk ]. Any nonzero ideal A of OK can be uniquely (up to the order) expressed
as
A = P a11 · · ·P ass ,
where P1, · · · , Ps are distinct prime ideals of OK and ai ≥ 1, for 1 ≤ i ≤ s. In
other words, the set S(K) of all the nonzero ideals of OK is a free multiplicative
communicative semigroup with a basis B(K), the set of all nonzero prime ideals
of OK . Such semigroup S(K) can be extended to the commutative group I(K),
called the group of fractional ideals of K. Each element of I(K), called a
3
fractional ideals, has the form AB−1, where A,B are ideals of OK . For each
α ∈ K∗ = K \{0}, αOK is a fractional ideals, called a principle fractional ideals,
and we have (αOK)(βOK) = αβOK , (αOK)−1 = (α−1)OK . Therefore, the set
P (K) of all principle fractional ideals is a subgroup of I(K). Some results on
K are given in the following lemmas.
Lemma 2.1. Let k ≥ 2 and K = Q(ζpk), then
(i) The field extension K/Q is Galois of degree (p − 1)pk−1 and the Galois
group Gal(K/Q) = {σj | j ∈ Z, (j, p) = 1}, where the automorphism σj of K is
defined by ζpk 7→ ζjpk .
(ii) The ring of integers in K is OK = Z[ζpk ] and {ζjpk | 0 ≤ j ≤ (p −
1)pk−1 − 1} is an integral basis of OK . The group of roots of unity in OK is
WK = {ζj2pk | 0 ≤ j ≤ 2pk − 1}.
(iii) The principle ideal (1− ζpk)OK is a prime ideal of OK and the rational
prime p is totally ramified in OK , i.e., pOK = ((1 − ζpk)OK)(p−1)p
k−1
.
Lemma 2.2 (see [6]). For a positive integer q,
(i) If q ≡ 0, 1 (mod 4), then √q ∈ Q(ζq),
(ii) If q ≡ 2, 3 (mod 4), then √q ∈ Q(ζ4q)\Q(ζ2q).
Lemma 2.3 (see [15]). For gbent function f ∈ GBpkn , there exists a function
f∗ : Znp → Zpk such that
Hf (u) =
{
±ζf∗(u)
pk
if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζf∗(u)
pk
if n is odd and p ≡ 3(mod 4).
Lemma 2.4. Let k is a positive integer and a ∈ Zpt . Then
ζapk =
1
pt
∑
i∈Zpt
∑
j∈Zpt
ζ
(a−i)j
pt
 ζipk
Proof. Let
Vpt(ζpt) =

1 1 · · · 1
1 ζpt · · · ζp
t−1
pt
...
...
. . .
...
1 ζp
t−1
pt · · · ζ(p
t−1)(pt−1)
pt

and
Vpt(ζ−1pt ) =

1 1 · · · 1
1 ζ−1pt · · · ζ−(p
t−1)
pt
...
...
. . .
...
1 ζ
−(pt−1)
pt · · · ζ−(p
t−1)(pt−1)
pt
 .
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In fact, we know that Vpt(ζpt) is a generalized Hadamard matrix, i.e., Vpt(ζpt)(Vpt(ζpt))T =
ptIpt , and (Vpt(ζpt))T = Vpt(ζ−1pt ), therefore, we have
Vpt(ζpt)Vpt(ζ−1pt ) = ptIpt , (3)
where Ipt stands for the identity matrix of size p
t. Define now a collection of
maps from C to itself by setting
h0(z)
h1(z)
...
hpt−1(z)
 = Vpt(ζ−1pt )

1
z
...
zp
t−1,

or equivalently, for any j ∈ Zpt ,
hj(z) =
∑
i∈Zpt
ζ−jipt z
i. (4)
Furthermore, according to (3), we have, for any z ∈ C,
1
z
...
zp
t−1
 = 1ptVpt(ζpt)

h0(z)
h1(z)
...
hpt−1(z)

that is, for any a ∈ Zpt ,
za =
1
pt
∑
j∈Zpt
ζajpt hj(z). (5)
Then plugging (4) into (5), we have
za =
1
pt
∑
i∈Zpt
∑
j∈Zpt
ζ
(a−i)j
pt
 zi. (6)
Setting z = ζpk and plugging it into (6), we get
ζapk =
1
pt
∑
i∈Zpt
 ∑
j∈Zpt
ζ
(a−i)j
pt
 ζipk .
Remark 2.1. Lemma 2.4 generalizes [15, Lemma 2.6].
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Lemma 2.5. Let k, t be positive integers and k ≥ t. Then we have
(i). {1, ζpk , ζ2pk , . . . , ζp
k−t−1
pk
} is a basis of Q(ζpk) over Q(ζpt);
(ii). {1, ζpk , ζ2pk , . . . , ζp
k−t−1
pk
} is a basis of Q(ζpk ,
√−1) over Q(ζpt ,
√−1).
Proof. (i). Since [Q(ζpk) : Q(ζpt)] =
[Q(ζ
pk
):Q]
[Q(ζpt ):Q]
= (p−1)p
k−1
(p−1)pt−1 = p
k−t, we need only
to prove {1, ζpk , ζ2pk , . . . , ζp
k−t−1
pk
} is linear independently over Q(ζpt).
Suppose there exists ai =
∑(p−1)pt−1−1
j=0 aijζ
j
pt ∈ Q(ζpt), 0 ≤ i ≤ pk−t − 1,
such that
pk−t−1∑
i=0
aiζ
i
pk = 0,
i.e.,
pk−t−1∑
i=0
(p−1)pt−1−1∑
j=0
aijζ
j
ptζ
i
pk =
pk−t−1∑
i=0
(p−1)pt−1−1∑
j=0
aijζ
i+jpk−t
pk
= 0.
It is well known that {1, ζpk , ζ2pk , . . . , ζ
(p−1)pk−1−1
pk
} is a basis of Q(ζpk) over Q,
thus aij = 0 for all 0 ≤ i ≤ pk−t− 1 and 0 ≤ j ≤ (p− 1)pt−1− 1, i.e., ai = 0 for
0 ≤ i ≤ pk−t − 1.
(ii). Suppose there exists ai =
∑(p−1)pt−1−1
j=0 aijζ
j
pt ∈ Q(ζpt ,
√−1), 0 ≤ i ≤
pk−t − 1, and aij = bij + cij
√−1, such that
pk−t−1∑
i=0
aiζ
i
pk = 0,
i.e.,
pk−t−1∑
i=0
(p−1)pt−1−1∑
j=0
aijζ
j
ptζ
i
pk =
pk−t−1∑
i=0
(p−1)pt−1−1∑
j=0
aijζ
i+jpk−t
pk
=
pk−t−1∑
i=0
(p−1)pt−1−1∑
j=0
bijζ
i+jpk−t
pk
+
√−1
pk−t−1∑
i=0
(p−1)pt−1−1∑
j=0
cijζ
i+jpk−t
pk
= 0.
If
pk−t−1∑
i=0
(p−1)pt−1−1∑
j=0
bijζ
i+jpk−t
pk
6= 0, then √−1 ∈ Q(ζpk), which is a contradic-
tion. Therefore,
pk−t−1∑
i=0
(p−1)pt−1−1∑
j=0
bijζ
i+jpk−t
pk
=
pk−t−1∑
i=0
(p−1)pt−1−1∑
j=0
cijζ
i+jpk−t
pk
= 0.
Similarly as in (i), bij and cij equal to 0 for all 0 ≤ i ≤ pk−t − 1 and 0 ≤ j ≤
(p− 1)pt−1 − 1, i.e., ai = 0 for 0 ≤ i ≤ pk−t − 1.
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Remark 2.2. Lemma 2.5 generalizes [15, Lemma 2.7].
Lemma 2.6. Let γa =
∑
v∈Zl−1
pt
ζ−a·vpt ζ
∑l−1
j=1 p
(j−1)tvj
pk
, where a ∈ Zl−1pt and v =
(v1, v2, . . . , vl−1) ∈ Zl−1pt . Then
ζepk =
1
pt(l−1)
∑
a∈Zl−1
pt
ζa·upt γa,
where e =
∑l−1
j=1 ujp
(j−1)t and u = (u1, u2, . . . , ul−1) ∈ Zl−1pt .
Proof.
1
pt(l−1)
∑
a∈Zl−1
pt
ζa·upt γa =
1
pt(l−1)
∑
a∈Zl−1
pt
ζa·upt
∑
v∈Zl−1
pt
ζ−a·vpt ζ
∑l−1
j=1 p
(j−1)tvj
pk
=
1
pt(l−1)
∑
v∈Zl−1
pt
ζ
∑l−1
j=1 p
(j−1)tvj
pk
∑
a∈Zl−1
pt
ζ
a·(u−v)
pt
=
1
pt(l−1)
· pt(l−1)ζ
∑l−1
j=1 p
(j−1)tuj
pk
= ζepk .
Remark 2.3. Lemma 2.6 coincides with [15, Lemma 2.8], if we set l = k when
t = 1, l = k.
Remark 2.4. Note that when k = lt, {1, ζpk , ζ2pk , . . . , ζp
k−t−1
pk
} is a basis of
Q(ζpk) over Q(ζpt), and ζ
e
pk , 0 ≤ e ≤ pk−t− 1, can be expressed by γa,a ∈ Zl−1pt ,
where the coefficients can form a non-singular matrix over Q(ζpt), by Lemma
2.6. So {γa|a ∈ Zl−1pt } is also a basis of Q(ζpk) over Q(ζpt). Similarly, when
k = lt, {γa|a ∈ Zl−1pt } is also a basis of Q(ζpk ,
√−1) over Q(ζpt ,
√−1).
Lemma 2.7. Let a = (a1, · · · , al−1) ∈ Zl−1pt and γa =
∑
v∈Zl−1
pt
ζ−a·vpt ζ
∑l−1
i=1 p
(i−1)tvi
pk
.
Then
γa =
l−1∏
i=1
 ∑
vi∈Zpt
ζ−viaipt ζ
p(i−1)tvi
pk
 .
Proof. Obvious.
Remark 2.5. Lemma 2.7 is equivalent to [15, Lemma 2.9].
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3 More characterizations for gbent functions
In this section, we give more characterizations for gbent functions in GBpkn ,
extending the work in [15].
Lemma 3.1. Let k ≥ 2t and f : Znp → Zpk be defined by
f(x) =
k−1∑
i=1
pi−1ai(x) = g(x) + p
th(x)
for some p-ary Boolean functions ai : Z
n
p → Zp, 1 ≤ i ≤ k, and
g(x) =
t∑
i=1
pi−1ai(x) ∈ GBp
t
n , h(x) =
k−t∑
i=1
pi−1at+i(x) ∈ GBp
k−t
n .
Then for every u ∈ Znp ,
Hf (u) = 1
pt
∑
c∈Zpt
Hh+cpk−2tg(u)γc,
where γc =
∑
d∈Zpt
ζ−cdpt ζ
d
pk .
Proof. By the definition of generalized Walsh-Hadamard transform, we have
p
n
2Hf (u) =
∑
x∈Znp
ζ
f(x)
pk
ζ−u·xp =
∑
x∈Znp
ζ
g(x)
pk
ζ
h(x)
pk−tζ
−u·x
p
=
∑
x∈Znp
ζ
h(x)
pk−tζ
−u·x
p
 1
pt
∑
d∈Zpt
∑
c∈Zpt
ζ
(g(x)−d)c
pt
 ζdpk

=
1
pt
∑
x∈Znp
ζ
h(x)
pk−tζ
−u·x
p
∑
c∈Zpt
 ∑
d∈Zpt
ζ−cdpt ζ
d
pk
 ζcg(x)pt

=
1
pt
∑
c∈Zpt
∑
x∈Znp
ζ
h(x)
pk−tζ
−u·x
p ζ
cg(x)
pt
 ∑
d∈Zpt
ζ−cdpt ζ
d
pk

=
1
pt
∑
c∈Zpt
∑
x∈Znp
ζ
h(x)+cpk−2tg(x)
pk−t ζ
−u·x
p
 ∑
d∈Zpt
ζ−cdpt ζ
d
pk

=
p
n
2
pt
∑
c∈Zpt
Hh+cpk−2tg(u)γc.
This completes the proof.
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Theorem 3.1. Let k ≥ 2t and f : Znp → Zpk be defined by
f(x) =
k−1∑
i=1
pi−1ai(x) = g(x) + p
th(x),
where ai, g and h are defined as in Lemma 3.1. Then f is gbent if and only if
for any u ∈ Znp and c ∈ Zpt , there exist some d ∈ Zpt and j ∈ Zpk−t such that
Hh+cpk−2tg(u) =
{
±ζj
pk−tζ
cd
pt if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζj
pk−tζ
cd
pt if n is odd and p ≡ 3(mod 4),
where h + cpk−2tg ∈ GBpk−tn for every c ∈ Zpt , and j and d only depend on u
and f .
Proof. If n is even or n is odd and p ≡ 1 (mod 4), then Hf (u) = ±ζipk , for
some 0 ≤ i ≤ pk − 1, by Lemma 2.3. Hence, Hf (u) can be expressed as
Hf (u) = ±ζjpk−tζi−jp
t
pk
, where 0 ≤ j ≤ pk−t − 1. Let d = i− jpt, 0 ≤ d ≤ pt− 1.
According to Lemma 3.1, we have
Hf (u) = 1
pt
∑
c∈Zpt
Hh+cpk−2tg(u)γc, (7)
where γc =
∑
d∈Zpt
ζ−cdpt ζ
d
pk . By Lemma 2.6, we have
ζdpk =
1
pt
∑
c∈Zpt
ζcdpt γc.
Therefore,
Hf (u) = ±ζjpk−tζi−jp
t
pk
= ±ζj
pk−tζ
d
pk
= ± 1
pt
ζj
pk−t
∑
c∈Zpt
ζcdpt γc.
(8)
Combining (7) with (8), we can get
Hf (u) = 1
pt
∑
c∈Zpt
Hh+cpk−2tg(u)γc
= ± 1
pt
ζj
pk−t
∑
c∈Zpt
ζc·dpt γc.
(9)
Since h+cpk−2tg ∈ GBpk−tn , it is absolutely thatHh+cpk−2tg(u) ∈ Q(ζpk−t) in the
case of n is even or n is odd and p ≡ 1 (mod 4). We note that {1, ζpk , · · · , ζp
t−1
pk
}
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is a basis of Q(ζpk) over Q(ζpk−t) by Lemma 2.5 (i). So, {γc|c ∈ Zpt} is also
a basis of Q(ζpk) over Q(ζpk−t) by Remark 2.4. Further, by k ≥ 2t, we have
Q(ζpt) ⊆ Q(ζpk−t).
Based on the above discussions and (9), we can get
Hh+cpk−2tg(u) = ±ζjpk−tζcdpt .
If n is odd and p ≡ 3 (mod 4), then Hf (u) = ±
√−1ζipk for some 0 ≤ i ≤
pk − 1 by Lemma 2.3. Note that in this case, by Lemma 2.2 (ii), we have
Hh+cpk−2tg(u) ∈ Q(ζ4pk−t) \Q(ζ2pk−t) ⊆ Q(ζpk−t ,
√−1).
Similar as before, we can get
Hh+cpk−2tg(u) = ±
√−1ζj
pk−tζ
cd
pt .
Theorem 3.2. Let f ∈ GBpkn and f(x) =
k∑
i=1
pi−1ai(x), for some p-ary Boolean
functions ai : Z
n
p → Zp, 1 ≤ i ≤ k. Let c = (c1, . . . , cs−1) ∈ Zs−1pt , and denote
gc(x) =
k−ts∑
i=1
pi−1at(s−1)+i(x) + p
k−ts
s−1∑
i=1
ci
 t∑
j=1
pj−1a(i−1)t+j(x)
 + t∑
j=1
pj−1ak−t+j(x)
 .
Then f is gbent if and only if gc is gbent in GBp
k−(s−1)t
n for any s satisfying
st ≤ k, and there exist some d ∈ Zs−1pt and j ∈ Zpk−t such that
Hgc(u) =
{
±ζj
pk−(s−1)t
ζc·dpt if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζj
pk−(s−1)t
ζc·dpt if n is odd and p ≡ 3(mod 4),
where j and d only depend on u and f .
Proof. We show the result by induction.
If s = 1, the claim is obvious, because gc(x) = f(x) in this case.
If s = 2, by taking g =
∑t
i=1 p
i−1ai and h =
∑k−t
i=1 p
i−1at+i, the claim
follows from Theorem 3.1. Since f is gbent if and only if for any u ∈ Znp and
c ∈ Zpt , there exist some d ∈ Zpt and j ∈ Zpk−t such that
Hh+cpk−2tg(u) =
{
±ζj
pk−tζ
cd
pt if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζj
pk−tζ
cd
pt if n is odd and p ≡ 3(mod 4),
where j and d only depend on u and f . Note that gc = h+ cp
k−2tg, then it is
easy to see that the claim holds.
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Assume the result is true for some s satisfying (s + 1)t ≤ k, i.e., for all
c ∈ Zs−1pt , and
gc(x) =
k−ts∑
i=1
pi−1at(s−1)+i(x) + p
k−ts
s−1∑
i=1
ci
 t∑
j=1
pj−1a(i−1)t+j(x)
 + t∑
j=1
pj−1ak−t+j(x)
 . (10)
There exist some d ∈ Zs−1pt and j ∈ Zpk−(s−1)t such that
Hgc(u) =
{
±ζj
pk−(s−1)t
ζc·dpt if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζj
pk−(s−1)t
ζc·dpt if n is odd and p ≡ 3(mod 4),
where d and j only depend on u and f . We show that the result also holds for
s+ 1.
Note that (10) can be expressed by
gc(x) =
t∑
i=1
pi−1at(s−1)+i(x) +
k−t(s+1)∑
i=1
pt
(
pi−1ats+i(x)+
pk−t(s+1)
s−1∑
i=1
ci
 t∑
j=1
pj−1a(i−1)t+j(x)
 + t∑
j=1
pj−1ak−t+j(x)
 .
Let
g(x) =
t∑
i=1
pi−1at(s−1)+i(x)
and
h(x) =
k−t(s+1)∑
i=1
pi−1ats+i(x) + p
k−t(s+1)
s−1∑
i=1
ci
 t∑
j=1
pj−1a(i−1)t+j(x)
 + t∑
j=1
pj−1ak−t+j(x)
 .
Note that gc ∈ GBp
k−(s−1)t
n and gc′ = h + cp
k−(s−1)t−2tg = h + cpk−(s+1)tg ∈
GBpk−stn , by Theorem 3.1, gc is gbent if and only if for any u ∈ Znp and c ∈ Zpt ,
there exist some d ∈ Zpt and j′ ∈ Zpk−st such that
Hg
c
′ =
{
±ζj
pk−stζ
c′·d′
pt if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζj
pk−stζ
c′·d′
pt if n is odd and p ≡ 3(mod 4),
where j′ and d only depend on u and gc.
This completes the proof.
Corollary 3.1. Let f ∈ GBpkn and f(x) =
k∑
i=1
pi−1ai(x), for some p-ary Boolean
functions ai : Z
n
p → Zp, 1 ≤ i ≤ k. Let c = (c1, . . . , cs−1) ∈ Zs−1p , and denote
gc(x) =
k−s∑
i=1
pi−1as−1+i(x) + p
k−s
(
s−1∑
i=1
ciai(x) + ak(x)
)
.
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Then f is gbent if and only if gc is gbent in GBp
k+1−s
n for any s satisfying
1 ≤ s ≤ k, and there exist some d ∈ Zs−1p and j ∈ Zpk−1 such that
Hgc(u) =
{
±ζj
pk+1−sζ
c·d
p if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζj
pk+1−sζ
c·d
p if n is odd and p ≡ 3(mod 4),
where j and d only depend on u and f .
Proof. The result follows by setting t = 1 in Theorem 3.2.
Lemma 3.2. Let k = lt and f ∈ GBpkn be defined as f(x) =
l∑
i=1
p(i−1)tbi(x),
where bi ∈ GBp
t
n , 1 ≤ i ≤ l. Then for every u ∈ Znp ,
Hf (u) = 1
pk−t
∑
c∈Zl−1
pt
Hbl+∑l−1j=1 cjbj(x)(u)γc,
where γc =
∑
d∈Zl−1
pt
ζ−c·dpt ζ
∑l−1
j=1 p
(j−1)tdj
pk
.
Proof. By the definition of generalized Walsh-Hadamard transform, we have
p
n
2Hf (u) =
∑
x∈Znp
ζ−u·xp ζ
f(x)
pk
=
∑
x∈Znp
ζ−u·xp ζ
bl(x)
pt
l−1∏
j=1
ζ
p(j−1)tbj(x)
pk
=
∑
x∈Znp
ζ−u·xp ζ
bl(x)
pt
l−1∏
j=1
1
pt
 ∑
dj∈Zpt
 ∑
cj∈Zpt
ζ
cj(bj(x)−dj)
pt
 ζp(j−1)tdj
pk

=
1
pk−t
∑
x∈Znp
ζ−u·xp ζ
bl(x)
pt
l−1∏
j=1
 ∑
cj∈Zpt
 ∑
dj∈Zpt
ζ
−cjdj
pt ζ
p(j−1)tdj
pk
 ζcjbj(x)pt

=
1
pk−t
∑
x∈Znp
ζ−u·xp ζ
bl(x)
pt
∑
c∈Zl−1
pt
ζ
∑l−1
j=1 cjbj(x)
pt
l−1∏
j=1
 ∑
dj∈Zpt
ζ
−cjdj
pt ζ
p(j−1)tdj
pk

=
1
pk−t
∑
c∈Zl−1
pt
∑
x∈Znp
ζ−u·xp ζ
bl(x)+
∑l−1
j=1 cjbj(x)
pt
l−1∏
j=1
 ∑
dj∈Zpt
ζ
−cjdj
pt ζ
p(j−1)tdj
pk

=
p
n
2
pk−t
∑
c∈Zl−1
pt
Hbl+∑l−1j=1 cjbjγc.
Note that the last equality holds by Lemma 2.7. Then the result follows.
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Theorem 3.3. Let k = lt and f ∈ GBpkn be defined as f(x) =
l∑
i=1
p(i−1)tbi(x),
where bi ∈ GBp
t
n , 1 ≤ i ≤ l. Then f is gbent if and only if for any u ∈ Znp and
c ∈ Zl−1pt , there exists some d ∈ Zl−1pt and j ∈ Zpt such that
Hbl+∑l−1j=1 cjbj (u) =
{
±ζj+c·dpt if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζj+c·dpt if n is odd and p ≡ 3(mod 4),
where bl+
∑l−1
j=1 cjbj ∈ GBp
t
n for every c ∈ Zl−1pt , and d and j only depend on u
and f .
Proof. If n is even or n is odd and p ≡ 1 (mod 4), then Hf (u) = ±ζipk , for some
0 ≤ i ≤ pk − 1, by Lemma 2.3. Hence, Hf (u) can be expressed as Hf (u) =
±ζjptζi−jp
k−t
pk
, where 0 ≤ j ≤ pt − 1, and let d = i − jpk−t, 0 ≤ d ≤ pk−t − 1.
Further, note that k = lt, d can be expressed by d =
∑l−1
j=1 p
(j−1)tdj . We denote
d = (d1, . . . , dl−1) ∈ Zl−1pt .
According to Lemma 3.2, we have
Hf (u) = 1
pk−t
∑
c∈Zl−1
pt
Hbl+∑l−1j=1 cjbj (u)γc, (11)
where γc =
∑
d∈Zl−1
pt
ζ−c·dpt ζ
∑l−1
j=1 p
(j−1)tdj
pk
. By Lemma 2.6, we have
ζdpk =
1
pk−t
∑
c∈Zl−1
pt
ζc·dpt γc.
Therefore,
Hf (u) = ±ζjptζi−jp
k−t
pk
= ±ζjptζdpk
= ± 1
pk−t
ζjpt
∑
c∈Zl−1
pt
ζc·dpt γc.
(12)
Combining (11) with (12), we can get
Hf (u) = 1
pk−t
∑
c∈Zl−1
pt
Hbl+∑l−1j=1 cjbjγc
= ± 1
pk−t
ζjpt
∑
c∈Zl−1
pt
ζc·dpt γc.
(13)
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Since bl +
∑l−1
j=1 cjbj ∈ GBp
t
n , it is absolutely that Hbl+∑l−1j=1 cjbj (u) ∈ Q(ζpt)
in the case of n is even or n is odd and p ≡ 1 (mod 4). We note that
{1, ζpk , . . . , ζp
k−t−1
pk
} is a basis of Q(ζpk) over Q(ζpt) by condition (i) of Lemma
2.5. So, {γc|c ∈ Zl−1pt } is also a basis of Q(ζpk) over Q(ζpt) by Remark 2.4.
Based on the above discussions and (13), we can get
Hbl+∑l−1j=1 cjbj (u) = ±ζ
j+c·d
pt .
If n is odd and p ≡ 3 (mod 4), then Hf (u) = ±
√−1ζipk , for some 0 ≤ i ≤
pk − 1, by Lemma 2.3. Note that in this case, by Lemma 2.2 (ii), we have
Hbl+∑l−1j=1 cjbj (u) ∈ Q(ζ4pt) \Q(ζ2pt) ⊆ Q(ζpt ,
√−1).
Similar as before, we can get
Hbl+∑l−1j=1 cjbj (u) = ±
√−1ζj+c·dpt .
Remark 3.1. Theorem 3.3 generalizes [15, Theorem 3.2].
4 Zpk-bent functions, vectorial bent functions and
relative difference sets
We recall that a Zpk -bent function is a function from Z
n
p to Zpk , for which
Hf (a,u) = p−n2
∑
x∈Znp
ζ
af(x)
pk
ζ−u·xp
has absolute value 1 for every u ∈ Znp and nonzero a ∈ Zpk . Firstly, we have
the following proposition for Zpk -bent function.
Proposition 4.1. A function f(x) =
∑k−1
i=0 p
iai(x) ∈ GBp
k
n is Zpk -bent if and
only if ptf(x) =
∑k−t−1
i=0 p
t+iai(x) is a gbent function for every 0 ≤ t ≤ k − 1.
Proof. If f is Zpk -bent, then |H(p
k)
f (p
t,u)| = |H(pk)ptf (u)| = 1 for every u ∈ Znp
and 0 ≤ t ≤ k − 1 by definition.
For the converse, let a = ptz, for 0 ≤ t ≤ k − 1 and (z, p) = 1. We have to
show that |H(pk)f (a,u)| = 1 for all u ∈ Znp . Let ft(x) =
∑k−t−1
i=0 p
iai(x). By the
assumption, for all u ∈ Znp ,
H(pk)f (pt,u) = p−
n
2
∑
x∈Znp
ζ
∑k−t−1
i=0 p
t+iai(x)
pk
ζ−u·xp
14
= p−
n
2
∑
x∈Znp
ζ
∑k−t−1
i=0 p
iai(x)
pk−t ζ
−u·x
p
= H(pk−t)ft (u),
which has absolute value 1.
Let σ ∈ Gal(Q(ζpk−t)/Q) and σ(ζpk−t) = ζzpk−t . Then we have
σ
(
p
n
2H(pk−t)ft (u)
)
= p
n
2H(pk−t)ft (z, z˜u), (14)
where z ≡ z˜ (mod p). Note that (z, p) = (z˜, p) = 1, as u runs through the
elements of Znp , so does z˜u. It is easy to verify thatH(p
k)
f (p
tz,u) = H(pk−t)ft (z,u).
Further, by the assumption ptf(x) =
∑k−t−1
i=0 p
t+iai(x) is gbent and (14), we
can get |H(pk)f (ptz,u)| = |H(p
k−t)
ft
(z,u)| = 1 for every u ∈ Znp .
Remark 4.1. Note that ptf(x) =
∑k−t−1
i=0 p
t+iai(x) is a gbent function in
GBpkn if and only if ft(x) =
∑k−t−1
i=0 p
iai(x) is gbent in GBp
k−t
n . For a Zpk -bent
function in GBpkn , by Proposition 4.1, we know that
f(x) = a0(x) + pa1(x) + · · ·+ pk−1ak−1(x) ∈ GBp
k
n ,
f1(x) = a0(x) + pa1(x) + · · ·+ pk−2ak−2(x) ∈ GBp
k−1
n ,
...
fk−1(x) = a0(x) ∈ GBpn
are gbent functions (fk−1 is p-ary bent). Further, by Corollary ??, we can get
〈a0, a1, · · · , ak−1〉 is a vector space of bent functions over Zp, i.e., a vectorial
bent function.
In addition to applications in cryptography, one motivation for considering
bent functions is their relation to objects in combinatorics. In the following,
we point out a relation between relative difference set and Zpk -bent functions.
Firstly, we recall the definition of a relative difference set. Let G be a group of
order uv, Let N be a subgroup of G of order v and let R be a subset of G of
cardinality k. Then R is called a (u, v, k, λ)-relative difference set of G relative to
N , if every element g ∈ G\N can be represented in exactly λ ways as difference
r1 − r2, r1, r2 ∈ R, and no nonzero element of N has such a representation.
Relative difference set can be described by characters as follows.
Proposition 4.2 (see [13]). Let G be a group order uv and Let N be a subgroup
of G of order v. A subset R with cardinality k of G is a (u, v, k, λ)-relative
difference set of G relative to N if and only if for every character χ of G
|χ(R)|2 =

k2 if χ = χ0,
k − λv if χ 6= χ0, but χ(g) = 1 for all g ∈ N,
k otherwise,
where χ(R) =
∑
x∈R χ(x).
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Theorem 4.1. Let f : Znp → Zpk be a Zpk -bent function. Then the graph
R = {(x, f(x)) : x ∈ Znp} is a (pn, pk, pn, pn−k)-relative difference set of G =
Znp × Zpk relative to N = {0} × Zpk .
Proof. We denote the group of characters of G by Ĝ. It is known that Ĝ ∼=
Ẑnp × Ẑpk , so Ĝ = {χu,a : χu,a(x, y) = ζ−u·xp ζaypk , for all (x, y) ∈ Znp ×Zpk}. For
a character χu,a, we have
|χu,a(R)|2 =
∑
(x,f(x))∈R
ζ
af(x)
pk
ζ−u·xp
∑
(y,f(y))∈R
ζ
af(y)
pk
ζ−u·yp
=
∑
x∈Znp
ζ
af(x)
pk
ζ−u·xp
∑
x∈Znp
ζ
af(y)
pk
ζ−u·yp
=
 p
2n for χ0,0,
0 for χu,0,u 6= 0,
pn otherwise.
It is easy to verify that the last equality holds for χ0,0 and χu,0,u 6= 0, and
note that f is Zpk -bent, it also holds for other cases. By proposition 4.2, we
conclude the proof.
We close this section with the following example, which gives a class of Zpk -
bent functions. This class is defined via spreads. We start by recalling that a
spread of Znp , n = 2m, is a family of p
m + 1 subspaces U0, U1, . . . , Upm of Z
n
p ,
whose pairwise intersection is trivial. The classical example is the regular spread,
which for Z2mp
∼= Fpm × Fpm is represented by the family S =
⋃
s∈Fpm
{(x, sx) :
x ∈ Fpm} ∪ {(0, y) : y ∈ Fpm}.
Example 4.1. Let U0, U1, . . . , Upm be the elements of a spread of Z
n
p , n = 2m.
We first construct a vectorial bent function F , and thereafter a Zpk -bent function
f .
Let φ : {1, 2, . . . , pn2 } → Zkp be a balanced map, thus any y ∈ Zkp has exactly
pn/2−k preimages in the set {1, 2, . . . , pn2 }. Then the function F : Znp → Zkp
given by
F (x) =
{
φ(s) x ∈ Us, 1 ≤ s ≤ pm, and x 6= 0,
0 x ∈ U0,
is a vectorial bent function. The proof is similar with the even characteristic
case, and we omit it here. The interest reader can refer to [5, Example 2].
We now construct the Zpk -bent function. From the balanced map φ, we
obtain in a natural way a balanced map φ¯ from {1, 2, . . . , pn2 } to Zpk defined as
φ¯(s) = y0+ py1+ · · ·+ pk−1yk−1 if φ(s) = (y0, y1, · · · , yk−1). Then the function
f(x) =
{
φ¯(s) x ∈ Us, 1 ≤ s ≤ pm, and x 6= 0,
0 x ∈ U0,
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from Znp to Zpk is Zpk -bent. We need to prove that |Hf (c,u)| = 1 for every
nonzero c ∈ Zpk . Indeed,
Hf (c,u) = p−n2
∑
x∈Znp
ζ
cf(x)
pk
ζ−u·xp
=
pm∑
s=1
∑
x∈Us\{0}
ζ
cf(x)
pk
ζ−u·xp +
∑
x∈U0
ζ−u·xp
=
pm∑
s=1
ζ
cφ¯(s)
pk
∑
x∈Us
ζ−u·xp −
pm∑
s=1
ζ
cφ¯(s)
pk
+
∑
x∈U0
ζ−u·xp .
Note that
pm∑
s=1
ζ
cφ¯(s)
pk
= 0 for all nonzero c ∈ Zpk . Consequently for u 6= 0, we
have
Hf (c,u) =
pm∑
s=1
ζ
cφ¯(s)
pk
∑
x∈Us
ζ−u·xp +
∑
x∈U0
ζ−u·xp
=
{
p
n
2 u ∈ U⊥0 ,
p
n
2 ζ
cφ¯(s˜)
pk
u ∈ U⊥s˜ for some 1 ≤ s˜ ≤ p
n
2 .
Again using that
pm∑
s=1
ζ
cφ¯(s)
pk
= 0, we obtain Hf (c,0) = pn2 , and the proof is
completed.
At last, we emphasize that the property of being Zpk -bent is much stronger
than the property of being vectorial bent. Zpk -bent functions are very interest-
ing vectorial bent functions since they correspond two relative difference sets
with parameters (pn, pk, pn, pn−k): first of all, being vectorial bent, they cor-
respond to the relative difference set D = {(x, a0(x), a1(x), . . . , ak−1(x)) : x ∈
Znp} in Znp×Zkp, and secondly, to the relative difference setR = {(x,
∑k−1
i=0 ai(x)) :
x ∈ Znp} in Znp×Zpk . Besides, it would be interesting to construct more Zpk -bent
functions.
5 The dual and Gray map of gbent functions
In this section we firstly attempt to describe the dual f∗ of an arbitrary
gbent function in GBpkn , then the generalized Gray map of gbent function is
considered.
5.1 The dual of gbent function
Lemma 5.1. Let f ∈ GBpkn be given as f(x) =
∑k−1
i=0 p
iai(x), and gc(x) =
ak−1(x) +
∑k−2
i=0 ciai(x), where c = (c0, c1, · · · , ck−2) ∈ Zk−1p . Then
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(i).
ζ
f(x)
pk
=
1
pk−1
∑
c∈Zk−1p
ζgc(x)p γc,
where γc defined as in Remark 2.5.
(ii). For any u ∈ Znp , we have
Hf (u) = 1
pk−1
∑
c∈Zk−1p
Wgc(u)γc.
Proof. (i). It is easy to verify that
ζ
f(x)
pk
= ζ
∑k−1
i=0 p
iai(x)
pk
= ζak−1(x)p
k−2∏
i=0
ζ
piai(x)
pk
= ζak−1(x)p
k−2∏
i=0
1
p
 ∑
di∈Zp
∑
ci∈Zp
ζ(ai(x)−di)cip
 ζpidi
pk

=
1
pk−1
ζak−1(x)p
k−2∏
i=0
∑
ci∈Zp
 ∑
di∈Zp
ζ−dicip ζ
pidi
pk
 ζciai(x)p

=
1
pk−1
ζak−1(x)p
∑
c∈Zk−1p
ζ
∑k−2
i=0 ciai(x)
p
k−2∏
i=0
 ∑
di∈Zp
ζ−dicip ζ
pidi
pk

=
1
pk−1
∑
c∈Zk−1p
ζ
ak−1(x)+
∑k−2
i=0 ciai(x)
p
k−2∏
i=0
 ∑
di∈Zp
ζ−dicip ζ
pidi
pk

=
1
pk−1
∑
c∈Zk−1p
ζgc(x)p γc,
where the last equality holds from Lemma 2.7.
(ii). By the definition, we have
Hf (u) = p−n2
∑
x∈Znp
ζ
f(x)
pk
ζ−u·xp .
Using (i), we get
Hf (u) = p
−n2
pk−1
∑
x∈Znp
∑
c∈Zk−1p
ζgc(x)p ζ
−u·x
p γc
=
p−
n
2
pk−1
∑
c∈Zk−1p
∑
x∈Znp
ζgc(x)p ζ
−u·x
p
 γc
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=
1
pk−1
∑
c∈Zk−1p
Wgc(u)γc.
This completes the proof.
From Lemma 2.3, we know that for gbent function f ∈ GBpkn , there exists a
function f∗ : Znp → Zpk such that
Hf (u) =
{
±ζf∗(u)
pk
if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζf∗(u)
pk
if n is odd and p ≡ 3(mod 4).
In [2], f∗ is called the dual of gbent function f . We emphasis that when
f is non-weakly regular, f∗ may not gbent function. Then, in the following,
we will describe the dual f∗ of a gbent function f ∈ GBpkn via the dual of the
component functions of f .
Theorem 5.1. Let f ∈ GBpkn be a gbent function given as f(x) =
∑k−1
i=0 p
iai(x),
for some p-ary Boolean functions ai, 0 ≤ i ≤ k − 1, with component functions
gc(x) = ak−1(x) +
∑k−2
i=0 ciai(x), where c = (c0, c1, · · · , ck−2) ∈ Zk−1p . Then
the dual f∗ ∈ GBpkn of f is given as f∗(x) =
∑k−1
i=0 p
ibi(x), where bk−1(x) =
a∗k−1(x), bj(x) = (ak−1(x) + aj(x))
∗ − a∗k−1(x), 0 ≤ j ≤ k − 2.
Proof. From the (ii) of Lemma 5.1 and Lemma 2.3 , we have
Hf (u) = 1
pk−1
∑
c∈Zk−1p
Wgc(u)γc
=
1
pk−1
∑
c∈Zk−1p
αcζ
g∗
c
(u)
p γc
= βζ
f∗(u)
pk
.
(15)
By the proof of Theorem 3.3 (set t = 1), we know that αc = β ∈ {±1,±
√−1}
for all c ∈ Zk−1p .
Suppose that f∗(x) =
∑k−1
i=0 p
ibi(x) and denote the component functions of
f∗ by hc(x) = bk−1(x) +
∑k−2
i=0 cibi(x) for every c ∈ Zk−1p . By Lemma 5.1 (i),
we have
ζ
f∗(u)
pk
=
1
pk−1
∑
c∈Zk−1p
ζhc(u)p γc (16)
Combining (15) with (16), we can get∑
c∈Zk−1p
ζ
g∗
c
(u)
p γc =
∑
c∈Zk−1p
ζhc(u)p γc.
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Note that {γc|c ∈ Zk−1p } is linear independently over Q(ζp) by Remark 2.2, thus
we have
ζ
g∗
c
(u)
p = ζ
hc(u)
p
for all c ∈ Zk−1p . Further, g∗c(u) = hc(u), for all c ∈ Zk−1p . For simplicity, in
the following we also use
∑k−2
i=0 p
ici represents c = (c0, c1, · · · , ck−2) ∈ Zk−1p .
Finally, bk−1 = h0(u) = g
∗
0(u) = a
∗
k−1 and with g
∗
pj = hpj = bk−1 + bj and
gpj = ak−1 + aj, 0 ≤ j ≤ k − 2, we get
bj = (ak−1 + aj)
∗ − a∗k−1, 0 ≤ j ≤ k − 2.
5.2 The generalized Gray map of gbent function
In this subsection, we firstly define the s-plateaued function for p-ary Boolean
functions, and then show t Gray image of any gbent function in GBpkn is a (k−1)-
plateaued function.
Definition 5.1. For a p-ary Boolean function f , then f is called s-plateaued
if there exist some a ∈ Zp, such that
Wf (u) =
{
0 or ± ζap p
s
2 if n is even or n is odd and p ≡ 1(mod 4),
0 or ±√−1ζapp
s
2 if n is odd and p ≡ 3(mod 4).
We recall the definition of Gray mapping.
Definition 5.2 (see [1]). The Gray map is the mapping G from Z4 to Z
2
2 defined
by
G(0) = (0, 0);G(1) = (0, 1);G(2) = (1, 1);G(3) = (1, 0).
G can be extended to a mapping from Zn4 to Z
2n
2 coordinate-wisely. It was
also generalized to Z2k by Carlet in [1]. Recently, the Gary map was generalized
to Zpk by Heng et al in [3]. Let f ∈ GBp
k
n and be give as f(x) =
∑k−1
i=0 p
iai(x),
for any x ∈ Znp . The generalized Gray map G : GBp
k
n → GBpn+k−1 is defined by
G(f) : Znp × Zk−1p → Zp
(x, y0, . . . , yk−2) 7→ ak−1(x) +
k−2∑
i=0
ai(x)yi.
It is known that the reverse image of the Hamming distance by the generalized
Gray map is a translation-invariant distance.
We now can show that the generalized Gray map of a gbent function in GBpkn
is a (k − 1)-plateaued function.
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Theorem 5.2. Let f ∈ GBpkn be a gbent function given as f(x) =
∑k−1
i=0 p
iai(x).
Then G(f) is a (k − 1)-plateaued function in GBpn+k−1. For every (u, zr) ∈
Znp × Zk−1p , where zr = (z0, z1, . . . , zk−2) ∈ Zk−1p and r =
∑k−2
i=0 p
izi. We have
WG(f)(u, zr) =
{
0 or ± ζapp
k−1
2 if n is even or n is odd and p ≡ 1(mod 4),
0 or ±√−1ζapp
k−1
2 if n is odd and p ≡ 3(mod 4).
Proof. When n is even or n is odd and p ≡ 1 (mod 4). For every (u, zr) ∈
Znp × Zk−1p , we have
WG(f)(u, zr) = p−
n+k−1
2
∑
(x,zj)∈Znp×Z
k−1
p
ζ−u·x−zr·zj+G(f)(x,zj)p
= p−
n+k−1
2
∑
zj∈Z
k−1
p
ζ−zr ·zjp
∑
x∈Znp
ζ−u·x+ak−1(x)+zj ·A(x)p
= p−
k−1
2
∑
zj∈Z
k−1
p
ζ−zr ·zjp Wak−1+zj ·A(u)
= p−
k−1
2 H
(r)
pk−1(±ζapH
(j)
pk−1)
T
=
{
±ζapp
k−1
2 if r = j,
0 if r 6= j,
where Hpk−1 =
(
ζijp
)⊗ (k−1)
0≤i,j≤p−1
is a generalized Hadamard matrix of order pk−1,
A(x) = (a0(x), a1(x), . . . , ak−2(x)) and A = (a0, a1, . . . , ak−2). Note that the
penultimate equal sign holds due to Corollary ??.
When n is odd and p ≡ 3 (mod 4), it can be proved similarly as above, we
omit the details here.
6 Gbent functions from Znpl to Zpk
In this part, we consider generalized Boolean functions from Znpl to Zpk ,
where l, k are positive integers. The generalized Walsh-Hadamard transform of
such a function f can be defined by
Hf (u) = p− ln2
∑
x∈Zn
pl
ζ−u·x
pl
ζ
f(x)
pk
.
f is called a gbent function if |Hf (u)| = 1 for all u.
If l ≥ k,
Hf (u) = p− ln2
∑
x∈Zn
pl
ζ−u·x
pl
ζ
f(x)
pk
= p−
ln
2
∑
x∈Zn
pl
ζ−u·x
pl
ζ
pl−kf(x)
pl
,
then f is gbent from Znpl to Zpk if and only if p
l−kf(x) is gbent from Znpl to
Zpl . Such gbent functions were introduced in [6] and were studied a lot in the
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literature. In the following, we only consider generalized bent functions from
Znpl to Zpk with l < k.
Lemma 6.1. Let l < k and f(x) =
∑k−1
i=0 fi(x)p
i, where f : Znpl → Zpk and
fi : Z
n
pl → Zp. Then
Hf (u) = 1
pk−l
∑
c∈Zk−lp
H∑k−1
i=k−l fip
i−(k−l)+pl−1(
∑k−l−1
i=0 cifi)
(u)γc,
where γc =
∑
d∈Zk−lp
ζ−c·dp ζ
∑k−l−1
i=0 dip
i
pk
.
Proof. According to the definition of Hf (u), we have
p
nl
2 Hf (u) =
∑
x∈Zn
pl
ζ−u·x
pl
ζ
f(x)
pk
=
∑
x∈Zn
pl
ζ−u·x
pl
ζ
∑k−1
i=0 fi(x)p
i
pk
=
∑
x∈Zn
pl
ζ−u·x
pl
ζ
∑k−1
i=k−l fi(x)p
i
pk
k−l−1∏
i=0
ζ
fi(x)p
i
pk
=
∑
x∈Zn
pl
ζ
−u·x+
∑k−1
i=k−l fi(x)p
i−(k−l)
pl
k−l−1∏
i=0
ζ
fi(x)p
i
pk
=
∑
x∈Zn
pl
ζ
−u·x+
∑k−1
i=k−l fi(x)p
i−(k−l)
pl
k−l−1∏
i=0
1
p
∑
di∈Zp
∑
ci∈Zp
ζ(fi(x)−di)cip
 ζpidi
pk

=
1
pk−l
∑
x∈Zn
pl
ζ
−u·x+
∑k−1
i=k−l fi(x)p
i−(k−l)
pl
k−l−1∏
i=0
∑
ci∈Zp
 ∑
di∈Zp
ζ−cidip ζ
pidi
pk
 ζcifi(x)p

=
1
pk−l
∑
x∈Zn
pl
ζ
−u·x+
∑k−1
i=k−l fi(x)p
i−(k−l)
pl
∑
c∈Zk−lp
ζ
∑k−l−1
i=0 cifi(x)
p
k−l−1∏
i=0
 ∑
di∈Zp
ζ−cidip ζ
pidi
pk

=
1
pk−l
∑
c∈Zk−lp
∑
x∈Zn
pl
ζ
−u·x+
∑k−1
i=k−l fi(x)p
i−(k−l)+pl−1(
∑k−l−1
i=0 cifi(x))
pl
k−l−1∏
i=0
 ∑
di∈Zp
ζ−cidip ζ
pidi
pk

=
p
nt
2
pk−l
∑
c∈Zk−lp
H∑k−1
i=k−l fip
i−(k−l)+pl−1(
∑k−l−1
i=0 cifi)
(u)γc.
The last equality holds from Remark 2.5. This completes the proof.
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Theorem 6.1. Let l < k and f(x) =
∑k−1
i=0 fi(x)p
i, where f : Znpl → Zpk and
fi : Z
n
pl → Zp. Then f is gbent if and only if for any u ∈ Znp and c ∈ Zk−lp ,
there exists some d ∈ Zk−lp and j ∈ Zpl such that
H∑k−1
i=k−l fip
i−(k−l)+pl−1(
∑k−l−1
i=0 cifi)
(u)
=
{
±ζj
pl
ζc·dp if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζj
pl
ζc·dp if n is odd and p ≡ 1(mod 4),
where
∑k−1
i=k−l fip
i−(k−l) + pl−1
(∑k−l−1
i=0 cifi
)
∈ GBpln for every c ∈ Zl−1pt , and
d and j only depend on u and f .
Proof. If n is even or n is odd and p ≡ 1 (mod 4), then Hf (u) = ±ζipk , for
some 0 ≤ i ≤ pk − 1, by Lemma 2.3. Hence, Hf (u) can be expressed as
Hf (u) = ±ζjplζi−jp
k−l
pk
, where 0 ≤ j ≤ pl − 1, and let d = i − jpk−l, 0 ≤
d ≤ pk−l − 1. Further, d can be expressed by d = ∑k−l−1j=0 pjdj . We denote
d = (d0, · · · , dk−l−1) ∈ Zk−lp .
According to Lemma 6.1, we have
Hf (u) = 1
pk−l
∑
c∈Zk−lp
H∑k−1
i=k−l fip
i−(k−l)+pl−1(
∑k−l−1
i=0 cifi)
(u)γc, (17)
where γc =
∑
d∈Zk−lp
ζ−c·dp ζ
∑k−l−1
i=0 dip
i
pk
. By Lemma 2.6, we have
ζdpk =
1
pk−l
∑
c∈Zk−lp
ζc·dp γc.
Therefore,
Hf (u) = ±ζjplζi−jp
k−l
pk
= ±ζj
pl
ζdpk
= ± 1
pk−l
ζj
pl
∑
c∈Zk−lp
ζc·dp γc.
(18)
Combining (17) with (18), we can get
Hf (u) = 1
pk−l
∑
c∈Zk−lp
H∑k−1
i=k−l fip
i−(k−l)+pl−1(
∑k−l−1
i=0 cifi)
(u)γc
= ± 1
pk−l
ζj
pl
∑
c∈Zk−lp
ζc·dp γc.
(19)
Since
∑k−1
i=k−l fip
i−(k−l) + pl−1
(∑k−l−1
i=0 cifi
)
∈ GBpln , it is absolutely that
H∑k−1
i=k−l fip
i−(k−l)+pl−1(
∑k−l−1
i=0 cifi)
(u) ∈ Q(ζpl) in the case of n is even or n
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is odd and p ≡ 1 (mod 4). We note that {1, ζpk , · · · , ζp
k−l−1
pk
} is a basis of
Q(ζpk) over Q(ζpl) by Lemma 2.5 (i). So, {γc|c ∈ Zk−lp } is also a basis of Q(ζpk)
over Q(ζpl) by Remark 2.4.
Based on the above mentioned discussion and (19), we can get
H∑k−1
i=k−l fip
i−(k−l)+pl−1(
∑k−l−1
i=0 cifi)
(u) = ±ζj
pl
ζc·dp .
If n is odd and p ≡ 3 (mod 4), then Hf (u) = ±
√−1ζipk , for some 0 ≤ i ≤
pk − 1, by Lemma 2.3. Note that in this case, by the Lemma 2.2 (ii), we have
H∑k−1
i=k−l fip
i−(k−l)+pl−1(
∑k−l−1
i=0 cifi)
(u) ∈ Q(ζ4pl) \Q(ζ2pl) ⊆ Q(ζpl ,
√−1).
Similar as before, we can get
H∑k−1
i=k−l fip
i−(k−l)+pl−1(
∑k−l−1
i=0 cifi)
(u) = ±√−1ζj
pl
ζc·dp .
This completes the proof.
Remark 6.1. Theorem 6.1 coincides with [15, Theorem 3.2] by setting l = 1.
7 Conclusions
In this paper, we further investigate properties of generalized bent Boolean
functions from Znp to Zpk . For various kinds of representations, sufficient and
necessary conditions for bent-ness of such functions are given in terms of their
various kinds of component functions. Furthermore, Zpk -bent functions and
their relations to relative difference sets are studied. It turns out that Zpk -bent
functions correspond to a class of vectorial bent functions, and the property of
being Zpk -bent is much stronger then the standard bent-ness. The dual and
the generalized Gray image of gbent function are also discussed. As a further
generalization, we also define and give characterizations of gbent functions from
Znpl to Zpk for a positive integer l with l < k.
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